Absrrucf-This paper studies the space-time code design for single carrier transmission over frequency selective fading channels. The design criteria are derived first and then we apply the algebraic &-rank theory proposed earlier by the authors to show how to design codes to take advantage of space and frequency diversity simultaneously. Finally, example codes are shown to achieve desired level of diversity by simulation results.
I. INTRODUCTION
Reliable communication in a fading channel can be achieved by exploiting the available diversities. The recently developed space-time coding, which takes advantage of transmitter (or space) diversity, has been studied for fat quasi-static Rayleigh fading channel by Tarokh [ 11 and many others. In this paper, we study the design of space-time codes (STC) for single carrier transmission over frequency selective quasistatic fading channels with non-negligible intersymbol interference (ISI). These designs take advantage of the frequency diversity and space diversity. We developed the outage probability evaluation method [2] to show that the outage probability is greatly improved due to the additional frequency diversity. Figure 1 plots the outage probability versus SNR for systems with different number of transmit antennas, 1 receive antenna, and different number of IS1 taps at transmission rate 2 bitdsymbol. For the case with two taps, the tap coefficients are assumed to be complex Gaussian random variables with equal variance 0.5 and independent. We observe that a 2 transmit antennas by 1 receive antenna system with a 2-tap channel can provide 4 level of diversity in a similar way as a 4 by 1 system with a flat fading channel. At frame error rate 0.01, the 2 taps of IS1 brings about 4 dB benefit compared to the 2 by 1 system in a flat fading channel. This motivates us to address the question of how to design codes to exploit the extra diversity.
It has been shown by Tarokh et al. [3] that the achievable diversity of a space-time code designed for flat fading channel is not reduced if it is used in frequency selective fading channel. However, a full diversity space-time code designed for f a t Rayleigh fading channel may not be able to exploit all the available diversity.
We propose a design methodology for codes in IS1 channels by introducing the concept of the virtual antenna. This idea permits a formalization of the performance criterion and the use of algebraic rank theory [4, 5] to find STC that provide full diversity in an fading IS1 channel. Some example trellis codes which can achieve full space and frequency diversity are designed using the CO-rank theory [SI. These codes are designed for two situations: without a channel interleaver and with a channel interleaver. If a channel interleaver is not used, the code can be decoded by maximum likelihood joint equalization and decoding. If a channel interleaver is used, the iterative channel equalization and decoding, or turbo equalization, can be employed. Simulation results demonstrate that these codes indeed are able to achieve full diversity.
In Section 11, we describe the signal models. The performance criteria are derived in Section 111. Section IV shows how to use CO-rank theory to design full diversity codes. The simulation results are shown in Section VI. Section VI1 concludes.
SIGNAL MODEL
In a multiple antenna system, let Lt be the number of transmit antennas, L, be the number of receive antennas. Let N , be frame size in terms of symbol time. We study a simplified symbol spaced tap-delay-line model for frequency selective fading channels. The general channel model can be found in [6] . The signals transmitted from each antenna convolute with the spatial independent Rayleigh fading IS1 channel with L, taps. Let Q k ( t ) be the matched filter output of the received signal from kth receive antenna at discrete time t. Let Cl,k (t, m) 
Due to the assumption of space independence, Cl,k(t, m)'s are assumed to be independent for different 1 or k . There might be correlation between different taps for the same pair of transmit and receive antenna. In quasi-static fading channel, Cl,k(t,m) remains constant within a frame and is independent from frame to frame.
PERFORMANCE CRITERIA
Of space-time 'Odes for flat fading channel has been derived in [ 1, 7, 8] by minimizing the pairwise error probability.
For fading IS1 channel, similar results can be derived by introducing "virtual transmit antennas". Since the performance following derivation, one receive antenna is assumed. The pairwise error probability can be upper bounded by where where E, is the total symbol energy of all transmit antennas, Xi's are the nonzero eigenvalues of the signal matrix C,, the diversity gain AH is the number of the nonzero eigenvalues of C,, and K is a constant. The product of nonzero eigenvalues is called product measure or coding gain. The code design problem becomes how to maximize diversity gain and the coding gain.
L -
Assuming IS1 taps are independent and with equal power, the C, can be simplified and the following can be proved It is easy to verify that the above statement about diversity gain A, is true even if the independent IS1 taps have unequal power.
IV. CODE DESIGN
For space-time code design, if diversity gain is important, one of the possible approaches is to maximize the diversity gain first, then to maximize the coding gain. There are some sufficient conditions, such as zero symmetry [9] , binary rank theory [4] , and CO-rank theory [SI to help maximize diversity gain. Exhaustive computer search may have to be used to maximize the coding gain.
We will apply the algebraic CO-rank theory to design some full diversity example codes, whose coding gain is not necessarily maximized, to demonstrate the code constructions for fading IS1 channel. CO-rank theory applies to linear code defined on ring Z2b(j) with translation mapping [5] .
A linear ; Z p ( j ) code can be represented as a linear transformation from an information sequence to a code word:
where+fis an NI by 1 input information sequence defined on Z2b, Ji denotes the ith column of the code word matrix, and Gi is the Z2s(j) generator matrix for ith antenna.
By the concept of virtual antenna, the code design for frequency selective fading channels is equivalent to the design of generator matrices with the following structure for flat fading channel:
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Once the generator matrices are found, CO-rank theory [SI can be readily applied to check the diversity level. The details can be found in [2] . Intuitively, CO-rank theory says that if all of the Colinear combinations of the generator matrices are not singular, the code is guaranteed to achieve full diversity. For trellis codes without channel interleaver, the design is extremely simpleonly the generator polynomials need to be checked [ 5 ] . For the case with channel interleaver, the code and the interleaver need to be jointly designed. One approach is to select a trellis code first, then randomly construct the interleaver. If the code and interleaver pair does not satisfy the &rank criterion, another interleaver is randomly chosen. The process repeats until a full diversity code and interleaver pair is found.
For systems using trellis codes, with or without channel interleaver, the trellis codes need to satisfy the following constraints to achieve r level diversity with 1 receive antenna. They are extensions of the corresponding constraints in [ 11.
Theorem I : (Without Channel Interleaverj If a trellis code
without channel interleaver is used in an L , independent tap IS1 fading channel, to achieve a transmission rate of R bitslsymbol and T level diversity with 1 receive antenna, the code must have at least 2R(T-Lc) states and the constraint length is at least T -L,+l, where the constraint length is defined as minimum length of error path of the original trellis code.
Proof: If we combine the trellis code with the channel memory to form a super trellis, then by Lemma 3.3.1 and 3.3.2 in [l] , this super trellis must have constraint length T and 2R(T-1) states. Since the channel memory can at most increase constraint length by L, -1, the constraint length of the trellis code is at least r-L, -1. The same argument in [ 1 , Lemma 3.3.21 implies that the code has at least 2R(T-Lc) states. Proof: Suppose the trellis code has constraint length K . When a constraint length error event happens, the code symbol difference can be non-zero at most in K time interval. In the ideal case, an interleaver can spread the code symbol differences over time so that the resulting virtual code symbol matrix Z(") has K L , non-zero rows. If K is less than r / L c , the code can not achieve r-level diversity. The same argument in [ 1, Lemma 3.3.21 implies that the code has at least 2R('ILc-1) states. The example codes together with some non-full-diversity codes to compare with are summarized in Table I and Table  11 . Example 1-3 are for system with channel interleaver. The generator polynomial of the trellis code of example is found by random trials with a large product measure for the shortest error events. Example 2 and 3 use the same generator polynomials corresponds to the 4-state code in [9] . The interleavers are jointly designed for them to achieve full diversity. Example 4 and 5 are for system without channel interleaver. Example 4 is found by random trials. Example 5 is the delay diversity 4-state code in [ 11 for the purpose of comparison. Example 4 achieves full diversity but example 5 does not. No attempt is made to optimize the coding gain. We only want to illustrate the design of full diversity codes. If there is no channel interleaver, the Maximum Likelihood detector combines the IS1 channel and trellis code to form a super trellis as shown in Figure 3 .
VI. SIMULATION RESULTS
In order to verify whether the designed codes can achieve the desired diversity levels, computer simulation is conducted to evaluate the performance. Figure 4 -6 show the frame error rate versus SNR. The frame size is 130 symbol time, corresponding to 260 information bits. The transmission rate is 2 bits/symbol. The system has 2 transmit antennas, 1 receive antenna. The fading IS1 channel has 2 equal power independent taps. For examples with channel interleavers, the SISO iterative equalization and decoding takes as low as 3 iterations to converge.
To verify the diversity level of codes with channel interleavers, Figure 4 shows the performance of Example 1, a 16-state code, and Example 2 and 3, 4-state code. At frame error rate 0.01, the performances of the 16-state code and 4-state code are less than 2.5 dB and 4dB away from the outage probability. For the 4-state code, both a rectangular and a random interleavers are found to facilitate full diversity and the corresponding performance is very close. Although iterative equalization and decoding is sub-optimal, the example codes appear to achieve full diversity as indicated by their slopes.
In an independent 2-tap IS1 channel without interleaving at the transmitter, full rank codes for flat fading might not achieve 0-7803-7097-1 /01/$10.00 02001 IEEE full diversity. For example, consider the 4-state QPSK delay diversity code of [I] . It is of full rank in flat fading channels, but it does not have enough states to achieve full diversity via Theorem 1. Figure 5 shows the performance of the delay diversity code (AH = 3) and Example code 4 that achieve full diversity (AH = 4) along some related outage probabilities. The outage probability of 3 transmit antenna is to indicate the 3 levels of diversity. The purpose of Figure 5 is not to insinuate this is a fair comparison (4 states vs 16 states) but to compare the attained diversity levels of the two codes. The simulations results show that the example codes all achieve desired level of diversity. This demonstrates the effectiveness of the design procedure.
VII. CONCLUSIONS
We studied the space-time code design for fading IS1 channel. By introducing the concept of virtual transmit antenna, the code design problem is translated to that of flat fading channel. Example codes, which can take advantage of the extra diversity available in IS1 channel, are designed using the CO-rank theory. Both systems with and without channel interleaver are considered. The simulation results show the example codes achieve desired level of diversity.
